In this paper, we use a fixed point principle regarding a condensing mapping with some measure of noncompactness. We assume there is no compactness assumption, and we give sufficient conditions for the existence of mild solutions to some classes of impulsive neutral evolution differential inclusions with infinite delay. A concrete example is presented in the end to illustrate the abstract theorem.
Introduction
In this paper, we are concerned with the existence of a mild solution of impulsive neutral evolution differential inclusions with infinite delay in a Banach space X. More precisely, we consider the following class of evolution systems: where T > , A(t) : D ⊂ X → X are linear closed operator in a Banach space (X, · ),  < t  < · · · < t i < · · · < t m < T are pre-fixed numbers; the history x t : (-∞, ] → X, x t (s) = x(t + s), belongs to some abstract phase space B which will be defined with axioms introduced by Hale and Kato [] ; F : [, T] × B → X is some suitable function; G is a multimap from [, T] × B to the collection of all nonempty, compact, and convex subset of X; I i : B → X, i = , , . . . , m are suitable mappings satisfying some conditions which will be specified later, and the symbol x(t) represents the jump of the function x at t, which is defined by x(t) = x(t + ) -x(t -), where x(t + i ) and x(t -i ) represent the right and left limits of x(t) at t = t i . Finally  X denotes the family of nonempty subsets of X.
[x(t) + F(t, x t )] ∈ A(t)x(t) + G(t, x t ), t ∈ [, T], t = t i , x(t i
The theory of impulsive evolution equations, as well as inclusions, has been proven to be applicable to problems arising in mechanics, electrical engineering, medicine, biology, ecology, population dynamics, etc., and it has been extensively investigated in the last several decades. For these considerable developments in this topic, one may refer to the monographs of Bainov 
represents the temperature in x at the time t; c is a physical constant and k i : R → R, i = , , are the internal energy and the heat flux relaxation, respectively. It is clear that this equation can be modeled by system (.), and this serves as the physical motivation to study (.). We point out that the theory of impulsive neutral evolution differential equations or inclusions with infinite delay assuming axioms introduced by Hale and Kato has been the subject of many papers; see for example [-], and many others. There are several works reporting existence results of mild solutions for impulsive neutral evolution systems with infinite delay similar to (.); see for example [, ] . In these works, the authors impose compactness on the operator family generated by A(t). However, this condition is too severe in application, which serves as the main motivation of this work. In the present article, we give an existence result for the problem (.) without any compactness assumption by using a method based on a fixed point principle regarding a condensing mapping with respect to some nonsingular measure of noncompactness. The approach we use here is much inspired by [] . The rest of this work is arranged as follows: In Section , we recall briefly some basic definitions and preliminary facts which will be used throughout the following sections. In Section , we prove the existence of mild solutions problem (.), and in the last section an example is addressed to illustrate the obtained abstract result.
Preliminaries
We introduce certain notations which will be used throughout the article. In this paper, (X, · ) is a Banach space and the linear part A(t) of equation (.) are operators in X, with domain D(A(t)) = D for all t ∈ [, T] and dense in X and let {U(t, s)} ≤s≤t≤T ⊂ L(X) be the evolution family generated by {A(t) : t ∈ [, T]}. Definition . A family of linear operators {U(t, s)} ≤s≤t≤T ⊂ L(X) is called an evolution family of operators generated by {A(t) : t ∈ [, T]} if the following conditions hold:
U(t, s) = A(t)U(t, s).
In the following, we put := {(t, s) :  ≤ s < t ≤ T}, and
left continuous at t = t i , and the right limit u t
Evidently PC(, T; X) is a Banach space with the norm
We assume that the state space (B, · B ) is a semi-norm linear space of functions mapping (-∞, ] into X, and satisfying the following axiom first introduced by Hale and Kato in [] :
where H is a constant, K : R + → R + is continuous and M :
The space B is complete. Let E be the space
with the semi-norm
Definition . Let X be a Banach space,  X denote the collection of all nonempty subsets of X, and (A, ≥) a partially ordered set. A function μ :  X → A is called a measure of
where co is the closure of convex hull of . A measure of noncompactness μ is called
(iii) invariant with respect to the union with a compact set, if μ(K ∪ ) = μ( ) for every relatively compact set K ⊂ X and ∈  X .
Moreover, if A is a cone in a normed space, we say that μ is 
where L is a nonnegative constant, χ is the Hausdorff measure of noncompactness on X and
, the modulus of equicontinuity of is defined by
where In the following, X will be a separable Banach space and we shall use the notations:
F(·) is integrably bounded if and only if F(·) is measurable and F(·)
where
F is nonempty and F(·) is closed valued, then it is well known that
The following result, which is adapted from [] , is crucial to our main result.
This is the so-called generalized Cauchy operator and it is well known (see [] ) that it satisfies the following properties:
(W) W sends each bounded set to an equicontinuous one; (W) there exists a constant C >  such that
The following lemma, which also comes from [] , is useful in the proof of our main result.
q(s) ds for each t ∈ [, T], where C >  is the constant given in condition (W).
Definition . A multimap F : X → P k (X) is said to be condensing with respect to a measure of noncompactness μ or μ-condensing if for every bounded set ⊂ X, the relation
implies the relative compactness of . 
Existence result
The system (.) has the following equivalent form:
Let x : (-∞, T] → X be a function such that x, x ∈ E. If x is a solution of (.), then from the semi-group theory (see [] , Sections . and .),
This implies that
and since x(t
Reiterating these procedures, we can prove that
This expression motivates the following definition.
Definition . We say that a function x ∈ E is a mild solution of the system (.) if x  = ϕ,
is Bochner integrable on [, T], and the impulsive integral inclusion
is satisfied.
In order to study system (.), we impose the following assumptions. 
p.), i.e., for each ϕ ∈ B, G(·, ϕ) has a strongly measurable selection, and for a.e.
Then there exists a function β :
where V PC := {x(t); x ∈ V , t ∈ [, T]} and χ is the Hausdorff measure of noncompactness.
Remark . It is clear that assumption (H) is fulfilled if G is compact in its second argument, i.e., for each t ∈ [, T] and bounded ⊂ B, the set G(t, ) = ω∈ G(t, ω) is relatively compact in X.
(H) The function I i : B → X is continuous and there are positive constants L i , i = , , . . . , m, such that
for φ  , φ  ∈ B and i = , , . . . , m.
Note that the assumptions (H) and (H) are linked to the integrability of the function s → A(s)U(t, s)f (s, x s ). In general, we observe that, except in trivial cases, the operator function s → A(s)U(t, s) is not integrable over [, T];
for an interpretation of this observation, we refer the reader to the article [] . We are now in a position to state and prove the main result of this section.
Theorem . Suppose that the hypotheses (H)-(H) are satisfied. Then the system (.) has at least one mild solution provided
K ( +H)L F + M  α L  + m i= L i < , (.) whereH := H L  ([,T]) andK := sup ≤t≤T |K(t)|.
Proof We introduce the multioperator : PC([, T], X) →  PC([,T],X) by ( x)(t) := U(t, ) ϕ() + F(t, ϕ) -F(t,x t ) + t 

A(s)U(t, s)F(s,x s ) ds
where for every x ∈ PC([, T], X),x denotes the extension of x to E given bȳ
It is readily seen that if x ∈ Fix( ) := {x ∈ PC([, T], X)
: x ∈ (x)}, thenx is a mild solution of the system (.). It therefore suffices to show that the set Fix( ) is nonempty, and the proof is divided into several steps.
Step . It is already seen that has convex values, using the hypotheses that the multimap G has convex values.
Step . To see that has closed graph, let {x n } ∞ n= be a sequence in PC([, T], X) with
Then by axiom (A)(iii),
Now, for each n ∈ N, choose y n ∈ (x n ). Then by (.), for each n ∈ N, the mapping t → G(t,x n t ) admits a selector g n such that 
A(s)U(t, s)F s,x n s ds
Moreover, it follows by Theorem . of [] that
where the last inclusion is guaranteed by (H). Now,
by (.), (.), (W), (H), (H), and the dominated convergence theorem. Set
A(s)U(t, s)F(s,x s ) ds
In view of (.), we see that
and hence has a closed graph. By a similar argument, we find that has compact values.
Step . We now prove that is ν-condensing. To this aim, consider a bounded set
We will show that is relatively compact in PC([, T], X). In fact, there exists, by the definition of ν, a sequence {z n } ∞ n= which reaches the maximum, i.e.,
, so that
completely continuous by (H). Now, let t ∈ [, T] and it follows by (H) that
. Now, we apply Lemma . and obtain
Now, choose the constant L >  in the definition of γ so that
and we thus combine (.) and (.) to conclude
On the other hand, it is evident from (H) that {g n } is a bounded sequence in L  ([, T], X).
Then the property (W) ensures that {Wg n } is equicontinuous in PC([, T], X) and hence
Consequently,
and therefore, the regularity of ν guarantees the relative compactness of .
Step . To use Lemma ., we shall demonstrate that the solution set belongs to a priori bounded set in PC([, T], X). Indeed, if this were not the case, the for each n ∈ N, there is an
and then for every t ∈ [, T] we have
Now, by assumptions (H), (H), (H), and axiom (A)(iii), we have the following estimates:
whereM := sup ≤t≤T |M(t)|. Thus, it follows by (.)-(.) and (H) that
Divide both sides by n and take the lower limit as n → ∞; we get
which contradicts (.). This completes the proof. 
An example
For each t ∈ [, T], define
for some α ∈ (, ). By [], Corollary ..(ii), p., A(t) are sectorial operators in X, and
where D is endowed with the norm
Here, for a Banach space X and an interval I, C α (I, X) stands for the space of Hölder continuous functions I defined as follows:
where C b (I, X) is the space of all bounded and continuous functions on I equipped with sup-norm. It is well known that the parabolic nonautonomous system
has an associated evolution family {U(t, s)} t≥s on X, and we put M  = sup ≤s<t≤T U(t, s) L(X) . We take the phase space
where γ >  and set
It is well known (see [] , p.) that C γ satisfies the axioms (A) and (B) with
In this section, we consider the following system:
where c  and c  are positive constants with  < γ < min{c  , c  }. Define the functions F, G :
It is clear that problem (.) can be modeled as the abstract impulsive Cauchy problem (.). To treat this system, we assume the following conditions:
is twice differentiable with respect to ξ and 
Moreover, we suppose that G is compact in its second argument. 
The next result is a consequence of Theorem ..
Theorem . Suppose that the previous conditions (C)-(C) hold. If
then there is a mild solution of the impulsive system (.).
Proof Observe that
and hence
By (C), it is easy to see that This shows that G satisfies (H). From condition (C), we have
by axiom (A)(ii) and (.). Consequently, from (.) and Theorem ., the problem (.) has a mild solution.
The example we provide here is nontrivial. Actually, consider the nonlinear term G :
where φ is the convex hull of the set
It is clear that G has convex and compact values, G is locally compact, and G is compact in its second argument. Moreover, G(t, ϕ) =  even if ϕ ≡ . Now, let {φ n } be a sequence in B = C γ such that φ n → φ in B = C γ and let η n = aφ n () for all n ∈ N. Since 
